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Approaches for representing words

Count-based approaches 

• Used since the 90s 

• Sparse word-context PPMI matrix 

• Decomposed with SVD

Prediction-based approaches  
(word embeddings) 

• Formulated as a machine learning problem 

• Word2vec (Mikolov et al., 2013) 

• GloVe (Pennington et al., 2014)

Underlying theory: The Distributional Hypothesis (Firth, '57) 
“Similar words occur in similar contexts”



Word embeddings

• Learned vectors from text for representing words

• Output:
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f : V ! Rd
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• V: a pre-defined vocabulary 

• d: dimension of word vectors (e.g. 300) 

• Text corpora: 

• Wikipedia + Gigaword 5: 6B tokens 

• Twitter: 27B tokens 

• Common Crawl: 840B tokens

• Input: a large text corpora, V, d

Each word is represented by a low-dimensional (e.g., d = 300), real-valued vector 

Each coordinate/dimension of the vector doesn’t have a particular interpretation 



word2vec
• (Mikolov et al 2013a): Efficient Estimation of Word Representations in Vector Space 

• Original word2vec formulation 

• (Mikolov et al 2013b): Distributed Representations of Words and Phrases and their Compositionality 

• Negative sampling

Skip-gramContinuous Bag of Words (CBOW)



Skip-gram

• The idea: we want to use words to predict their context words 

• Assume that we have a large corpus  

• Context: a fixed window of size 2m (m = 2 in the example)
w1, w2, …, wT ∈ V



Skip-gram

Our goal is to find parameters that can maximize 
P(problems ∣ into) × P(turning ∣ into) × P(banking ∣ into) × P(crises ∣ into) × P(turning ∣ banking) × P(into ∣ banking) × P(crises ∣ banking) × P(as ∣ banking)…



Skip-gram: objective function

• For each position , predict context words within context size m, 
given center word : 

t = 1,2,…T
wt

L(✓) =
TY

t=1

Y

�mjm,j 6=0

P (wt+j | wt; ✓)
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all the parameters to be optimized

• The objective function    is the (average) negative log likelihood:J(θ)

J(✓) = � 1

T
logL(✓) = � 1

T

TX

t=1

X

�mjm,j 6=0

logP (wt+j | wt; ✓)
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How to define ?P(wt+j ∣ wt; θ)

• We have two sets of vectors for each word in the vocabulary

: embedding for center word k,  ∀k ∈ V

: embedding for context word k,  ∀k ∈ V
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uk 2 Rd
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vk 2 Rd

• Use inner product                   to measure how likely word  appears with 
context word , the larger the better

x ∈ V
c ∈ V

Softmax we learned in multinomial logistic regression! 
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P (c | x) = exp(ux · vc)P
k2V exp(ux · vk)



… vs multinominal logistic regression

• Think about it as a |V|-way classification problem

• If we fix  , it is reduced to a multinominal 
logistic regression problem.

ux

• However, since we have to learn both  and  
together, the training objective is non-convex.

u v

<latexit sha1_base64="hu0+nxcl4hqeBmEnnCVDEV3uIS0="></latexit>

P (c | x) = exp(ux · vc)P
k2V exp(ux · vk)



… vs multinominal logistic regression

• It is hard to find a global minimum.

• As we will see, we still use stochastic gradient descent to optimize :θ

✓(t+1) = ✓(t) � ⌘r✓J(✓)
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Zoom poll

How many parameters does this model have (size of )?θ

(a) d|V|   
(b) 2d|V|   
(c) 2m|V| 
(d) 2md|V|

The answer is (b). are all the parameters in this model!
<latexit sha1_base64="UuZhbRX4qI4xLJE3fLuSa5f4hGE="></latexit>

✓ = {{uk}, {vk}}



word2vec formulation

Q:  Why do we need two vectors for each word?

Q:  Which set of vectors are used as  word embeddings?

A: “dog” as a context word is not to be considered the same as the “dog” as a center word. 
It is not very likely that one word appears in its own context. 
If we use the same set of vectors, P(w | w) is high because of dot product.

In the word2vec paper,  is used (most common). 

(Pennington et al., 2014) proposed using .  
(Levy et al., 2015) gave an interpretation for this.

uw

uw + vw



word2vec formulation

• Another important thing to have in mind—we don’t care about the classification task 
itself as we do for the logistic regression model we learned.

• The key point is that the parameters used to optimize this training objective—when the 
training corpus is large enough—can give us very good representations of words 
(following the principle of distributional hypothesis)!



How to train this model?

• To train such a model, we need to compute 
the vector gradient r✓J(✓) =?
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• Again,  represents all  model 
parameters, in one vector.

θ 2d |V |



Warm-up

f(x) = exp(x)
<latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit><latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit><latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit><latexit sha1_base64="F2Q/ji6x1DLqPqoZ1t1sz9mjuL8=">AAAB9XicbZDLSgNBEEVr4ivGV9Slm8YgxE2YEUE3QtCNywjmAckYejo1SZOeB909mjDkP9y4UMSt/+LOv7GTzEITLzQcblVR1deLBVfatr+t3Mrq2vpGfrOwtb2zu1fcP2ioKJEM6ywSkWx5VKHgIdY11wJbsUQaeAKb3vBmWm8+olQ8Cu/1OEY3oP2Q+5xRbawHvzw6JVekg6PYULdYsiv2TGQZnAxKkKnWLX51ehFLAgw1E1SptmPH2k2p1JwJnBQ6icKYsiHtY9tgSANUbjq7ekJOjNMjfiTNCzWZub8nUhooNQ480xlQPVCLtan5X62daP/STXkYJxpDNl/kJ4LoiEwjID0ukWkxNkCZ5OZWwgZUUqZNUAUTgrP45WVonFUcu+LcnZeq11kceTiCYyiDAxdQhVuoQR0YSHiGV3iznqwX6936mLfmrGzmEP7I+vwBaEqRJA==</latexit>

df

dx
=

<latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit>

f(x) = log(x)
<latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit><latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit><latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit><latexit sha1_base64="3m6FmaA25KkL1Rsjbj7cjS/qDt0=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkYJuhKIblxXsBdqxZNJMG5pJhiSjlqHv4caFIm59F3e+jWk7C239IfDxn3M4J38Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkbX03rrgSrNpLgz45j6ER4IFjKCjbXuw/LTKbpEXS4HlnrFkltxZ0LL4GVQgkz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YFDii2k9nV0/QiXX6KJTKPmHQzP09keJI63EU2M4Im6FerE3N/2qdxIQXfspEnBgqyHxRmHBkJJpGgPpMUWL42AImitlbERlihYmxQRVsCN7il5eheVbx3Ip3Wy3VrrI48nAEx1AGD86hBjdQhwYQUPAMr/DmPDovzrvzMW/NOdnMIfyR8/kDV4KRGQ==</latexit>

df

dx
=

<latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit>

1

x
<latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit><latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit><latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit><latexit sha1_base64="TH5NZEjext0lzaAh2MLrjaohrl0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeTaiFg94DThfkRHSoSCUbRSrx9qyjIvz57yQbXm1t05yCrxClKDAs1B9as/jFkacYVMUmN6npugn1GNgkmeV/qp4QllEzriPUsVjbjxs/nJOTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbI3E//zeimG134mVJIiV2yxKEwlwZjM/idDoTlDObWEMi3srYSNqU0BbUoVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMIjhGV7hzUHnxXl3PhatJaeYOYY/cD5/AKOekXk=</latexit>

exp(x)
<latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit><latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit><latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit><latexit sha1_base64="tpobf1ys+qWre7ORxkaLDyz7vVU=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0swm7G2kJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJaPZpKgH9GB5CFn1Fip1cVxUhlf9Eplt+rOQVaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOB02I31ZhQNqID7FgqaYTaz+bnTsm5VfokjJUtachc/T2R0UjrSRTYzoiaoV72ZuJ/Xic14Y2fcZmkBiVbLApTQUxMZr+TPlfIjJhYQpni9lbChlRRZmxCRRuCt/zyKmleVj236j1clWu3eRwFOIUzqIAH11CDe6hDAxiM4Ble4c1JnBfn3flYtK45+cwJ/IHz+QPK7I8y</latexit>

f(x) = f1(f2(x))
<latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit><latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit><latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit><latexit sha1_base64="UQyNu+ga8UtYHEVSjuzYlakaBow=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK0m5IUQTdC0Y3LCvYBbQiT6aQdOpmEmYm0hP6KGxeKuPVH3Pk3TtsstPXAhTPn3Mvce4KEM6Ud59va2Nza3tkt7BX3Dw6Pju2TUlvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhu7neeqFQsFo96mlAvwkPBQkawNpJvl8LKpIpuUOi7ldCvm0fVt8tOzVkArRM3J2XI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU5nxX6qaILJGA9pz1CBI6q8bLH7DF0YZYDCWJoSGi3U3xMZjpSaRoHpjLAeqVVvLv7n9VIdXnsZE0mqqSDLj8KUIx2jeRBowCQlmk8NwUQysysiIywx0SauognBXT15nbTrNdepuQ+X5cZtHkcBzuAcKuDCFTTgHprQAgITeIZXeLNm1ov1bn0sWzesfOYU/sD6/AFldJIS</latexit>

df

dx
=

<latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit><latexit sha1_base64="h5ZKeLyvOAKrQ28BVy2eVsxqRMI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3WzC7qZYQv6JFw+KePWfePPfuGlz0NYHA4/3ZpiZ5yecKe0431ZlbX1jc6u6XdvZ3ds/sA+POipOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J3eF351SqVgsHvUsoV6ER4KFjGBtpKFtD0KJSRaEeRY85egGDe2603DmQKvELUkdSrSG9tcgiEkaUaEJx0r1XSfRXoalZoTTvDZIFU0wmeAR7RsqcESVl80vz9GZUQIUxtKU0Giu/p7IcKTULPJNZ4T1WC17hfif1091eO1lTCSppoIsFoUpRzpGRQwoYJISzWeGYCKZuRWRMTZRaBNWzYTgLr+8SjoXDddpuA+X9eZtGUcVTuAUzsGFK2jCPbSgDQSm8Ayv8GZl1ov1bn0sWitWOXMMf2B9/gAs4ZNW</latexit>

df1(z)

dz

df2(x)

dx
<latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit><latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit><latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit><latexit sha1_base64="vJFFXvrFxkPqtRMpq3Ovj3XweH0=">AAACEnicbZDLSsNAFIYn9VbrLerSzWAR2k1JiqDLohuXFewF2hAm00k7dDIJMxNpG/IMbnwVNy4UcevKnW/jNA2orT8M/HznHM6c34sYlcqyvozC2vrG5lZxu7Szu7d/YB4etWUYC0xaOGSh6HpIEkY5aSmqGOlGgqDAY6Tjja/n9c49EZKG/E5NI+IEaMipTzFSGrlmte8LhJMB9F27Mqum2s1S+APrlUkGJ6lrlq2alQmuGjs3ZZCr6Zqf/UGI44BwhRmSsmdbkXISJBTFjKSlfixJhPAYDUlPW44CIp0kOymFZ5ro/aHQjyuY0d8TCQqknAae7gyQGsnl2hz+V+vFyr90EsqjWBGOF4v8mEEVwnk+cEAFwYpNtUFYUP1XiEdIx6F0iiUdgr188qpp12u2VbNvz8uNqzyOIjgBp6ACbHABGuAGNEELYPAAnsALeDUejWfjzXhftBaMfOYY/JHx8Q1+pZy4</latexit>

z = f2(x)
<latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit><latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit><latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit><latexit sha1_base64="ZdgaFkUBPwxKYGMvfRhZ20lQlgE=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuEfQiFL14rGA/sF1KNs22odlkSbJiXfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK6nfuuBKs2kuDPjmPoRHggWMoKNle6f0CUKe9Xy42mvWHIr7gxomXgZKUGGeq/41e1LkkRUGMKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LBU4otpPZxdP0IlV+iiUypYwaKb+nkhxpPU4CmxnhM1QL3pT8T+vk5jwwk+ZiBNDBZkvChOOjETT91GfKUoMH1uCiWL2VkSGWGFibEgFG4K3+PIyaVYrnlvxbs9KtassjjwcwTGUwYNzqMEN1KEBBAQ8wyu8Odp5cd6dj3lrzslmDuEPnM8fptmPlQ==</latexit>

chain rule:

<latexit sha1_base64="HNq0F1AgLhumL8Cnt43gaNs6p78=">AAAB/3icbZDLSsNAFIZP6q3WW1Rw42awCBWhJEXUjVB047KCvUAbwmQ6aYdOLsxMxBK78FXcuFDEra/hzrdx0mah1R8GPv5zDufM78WcSWVZX0ZhYXFpeaW4Wlpb39jcMrd3WjJKBKFNEvFIdDwsKWchbSqmOO3EguLA47Ttja6yevuOCsmi8FaNY+oEeBAynxGstOWae37l/ghdIN+1MzjWUNPgmmWrak2F/oKdQxlyNVzzs9ePSBLQUBGOpezaVqycFAvFCKeTUi+RNMZkhAe0qzHEAZVOOr1/gg6100d+JPQLFZq6PydSHEg5DjzdGWA1lPO1zPyv1k2Uf+6kLIwTRUMyW+QnHKkIZWGgPhOUKD7WgIlg+lZEhlhgonRkJR2CPf/lv9CqVe3TqnVzUq5f5nEUYR8OoAI2nEEdrqEBTSDwAE/wAq/Go/FsvBnvs9aCkc/swi8ZH99mWpMi</latexit>

f(x) = f1(x) + f2(x)
<latexit sha1_base64="2pyA/CfAJQllCjBTQEqNsMdUJ5Y=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhMVYIQsCBVsDAWiT6kJqocx2mt2k5kO4gqysrCr7AwgBArf8DG3+C0GUrLkSwdn3Ov7r0nSBhV2nF+rKXlldW19cpGdXNre2fX3ttvqziVmLRwzGLZDZAijArS0lQz0k0kQTxgpBOMbgq/80CkorG41+OE+BwNBI0oRtpIfRt6kUQ48zjSQ8mzMI/ymc9jftW3a07dmQAuErckNVCi2be/vTDGKSdCY4aU6rlOov0MSU0xI3nVSxVJEB6hAekZKhAnys8ml+Tw2CghjGJpntBwos52ZIgrNeaBqSyWVPNeIf7n9VIdXfoZFUmqicDTQVHKoI5hEQsMqSRYs7EhCEtqdoV4iEw02oRXNSG48ycvkvZp3T2vO3dntcZ1GUcFHIIjcAJccAEa4BY0QQtg8ARewBt4t56tV+vD+pyWLlllzwH4A+vrF3Xfm3U=</latexit>

df

dx
=

<latexit sha1_base64="jEG3EU/RGMOwzNyvznuDUeZEV+Y=">AAACOHicbVDLSsNAFJ34rPUVdelmsAgVoSRF1GXRjTsr2Ac0IUwmk3bo5MHMRFpCPsuNn+FO3LhQxK1f4KTNorY9MHA451zm3uPGjAppGG/ayura+sZmaau8vbO7t68fHLZFlHBMWjhiEe+6SBBGQ9KSVDLSjTlBgctIxx3e5n7niXBBo/BRjmNiB6gfUp9iJJXk6PeWzxFOrQDJAQ9SL4O+Y1ZHZ9msNMrgOVwSrC8GHb1i1IwJ4CIxC1IBBZqO/mp5EU4CEkrMkBA904ilnSIuKWYkK1uJIDHCQ9QnPUVDFBBhp5PDM3iqFA/6EVcvlHCizk6kKBBiHLgqmS8p5r1cXOb1Eulf2ykN40SSEE8/8hMGZQTzFqFHOcGSjRVBmFO1K8QDpAqSquuyKsGcP3mRtOs187JmPFxUGjdFHSVwDE5AFZjgCjTAHWiCFsDgGbyDT/ClvWgf2rf2M42uaMXMEfgH7fcPYAqt9A==</latexit>

df1(x)

dx
+

df2(x)

dx



Vectorized gradients

Next, we are going to compute gradients with respect to many variables together and 
write them in vector/matrix notations.

@f

@x
=

<latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit>

f(x) = x · a
<latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit><latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit><latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit><latexit sha1_base64="bbSHyazU/jOeOwDXwnpe5WIq6Ns=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoCCURQTdC0Y3LCvYBTSiTyaQdOsmEmYlYQj7Cjb/ixoUibl2482+ctMFH64GBM+fcy733eDGjUlnWp1FaWFxaXimvVtbWNza3zO2dtuSJwKSFOeOi6yFJGI1IS1HFSDcWBIUeIx1vdJn7nVsiJOXRjRrHxA3RIKIBxUhpqW8eBTUnRGroBelddgjP4c8POtjn6ltAWd+sWnVrAjhP7IJUQYFm3/xwfI6TkEQKMyRlz7Zi5aZIKIoZySpOIkmM8AgNSE/TCIVEuunkqAweaMWHARf6RQpO1N8dKQqlHIeersw3lLNeLv7n9RIVnLkpjeJEkQhPBwUJg4rDPCHoU0GwYmNNEBZU7wrxEAmElc6xokOwZ0+eJ+3jum3V7euTauOiiKMM9sA+qAEbnIIGuAJN0AIY3INH8AxejAfjyXg13qalJaPo2QV/YLx/AXZ6nnY=</latexit>

<latexit sha1_base64="/m3xdlxtyTpKEe8H9bEtq8zkZqw=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvoQsqMiLosunFZxT6gHUsmzbShmcyQZMQyzCe48VfcuFDErUt3/o1pO4K2HgicnHMv997jRZwpbdtfVm5ufmFxKb9cWFldW98obm7VVRhLQmsk5KFselhRzgStaaY5bUaS4sDjtOENLkZ+445KxUJxo4cRdQPcE8xnBGsjdYr77QDrvucn9+kh+uE4RW0msq+XXKe3prJkl+0x0CxxMlKCDNVO8bPdDUkcUKEJx0q1HDvSboKlZoTTtNCOFY0wGeAebRkqcECVm4wPStGeUbrID6V5QqOx+rsjwYFSw8AzlaMd1bQ3Ev/zWrH2z9yEiSjWVJDJID/mSIdolA7qMkmJ5kNDMJHM7IpIH0tMtMmwYEJwpk+eJfWjsnNStq+OS5XzLI487MAuHIADp1CBS6hCDQg8wBO8wKv1aD1bb9b7pDRnZT3b8AfWxzcMn506</latexit>

x,a 2 Rn

a
<latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit><latexit sha1_base64="YWJIstkf+pdgisEWpHWEe8hMiDM=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+8A2lMl00g6dTMLMjVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecJpwP6IjJULBKFrpsR9RHAdhRmeDas2tu3OQVeIVpAYFmoPqV38YszTiCpmkxvQ8N0E/oxoFk3xW6aeGJ5RN6Ij3LFU04sbP5oln5MwqQxLG2j6FZK7+3shoZMw0CuxkntAse7n4n9dLMbz2M6GSFLlii4/CVBKMSX4+GQrNGcqpJZRpYbMSNqaaMrQlVWwJ3vLJq6R9Uffcund/WWvcFHWU4QRO4Rw8uIIG3EETWsBAwTO8wptjnBfn3flYjJacYucY/sD5/AHaRpEF</latexit>

@f

@x
= [

@f

@x1
,
@f

@x2
, . . . ,

@f

@xn
]

<latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit><latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit><latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit><latexit sha1_base64="HZ3OPqfmGVCIiKXSn7LF8mBSaow="></latexit>

<latexit sha1_base64="3NffHKYROZfJbFt+nqDPbEGdK3M=">AAACDnicbZDLSsNAFIYnXmu9VV26GSwFQShJEXUjFN24rGAv0IZwMpm0QyeTMDMRS+kTuPFV3LhQxK1rd76N0zQLbf1h4OM/53Dm/H7CmdK2/W0tLa+srq0XNoqbW9s7u6W9/ZaKU0lok8Q8lh0fFOVM0KZmmtNOIilEPqdtf3g9rbfvqVQsFnd6lFA3gr5gISOgjeWVKiG+xA+eA56DTwzUwKsZ6PEg1ipzBHimr2xX7Ux4EZwcyihXwyt99YKYpBEVmnBQquvYiXbHIDUjnE6KvVTRBMgQ+rRrUEBElTvOzpnginECHMbSPKFx5v6eGEOk1CjyTWcEeqDma1Pzv1o31eGFO2YiSTUVZLYoTDnWMZ5mgwMmKdF8ZACIZOavmAxAAtEmwaIJwZk/eRFatapzVrVvT8v1qzyOAjpER+gYOegc1dENaqAmIugRPaNX9GY9WS/Wu/Uxa12y8pkD9EfW5w9cMJkv</latexit>

f = x1a1 + x2a2 + . . .+ xnan



Vectorized gradients

<latexit sha1_base64="HLBwHROgrWifl472N6SRazXmXrs=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwISURUXFVdOOyin1AE8tkOmmHTmbCzEQpoT/hxl9x40IRt4I7/8ZJm0VtPXDhcM693HtPEDOqtOP8WIWFxaXlleJqaW19Y3PL3t5pKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaDq8xvPhCpqOB3ehgTP0I9TkOKkTZSxz4KL6AXId0PgvR2dM+hxwTvSdrraySleJw2o45ddirOGHCeuDkpgxy1jv3tdQVOIsI1ZkiptuvE2k+R1BQzMip5iSIxwgPUI21DOYqI8tPxVyN4YJQuDIU0xTUcq9MTKYqUGkaB6cxuVLNeJv7ntRMdnvsp5XGiCceTRWHCoBYwiwh2qSRYs6EhCEtqboW4jyTC2gRZMiG4sy/Pk8ZxxT2tODcn5eplHkcR7IF9cAhccAaq4BrUQB1g8ARewBt4t56tV+vD+py0Fqx8Zhf8gfX1Cy/Yn3w=</latexit>

f : Rn �! Rm

Next, we are going to compute gradients with respect to many variables together and 
write them in vector/matrix notations.

@f

@x
=

<latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit><latexit sha1_base64="ChLVskzOTZDfN1yqMFtqglj0AMY=">AAACEnicbVDLSsNAFL3xWesr6tLNYBF0UxIRdCMU3bisYB/QlDKZTtqhk0mYmYgl5Bvc+CtuXCji1pU7/8ZJG1BbDwwczrn3zr3HjzlT2nG+rIXFpeWV1dJaeX1jc2vb3tltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfXeV+645KxSJxq8cx7YZ4IFjACNZG6tnHXiAxSb0YS80wR0H2w70Q66EfpPdZhi5Qz644VWcCNE/cglSgQL1nf3r9iCQhFZpwrFTHdWLdTfPhhNOs7CWKxpiM8IB2DBU4pKqbTk7K0KFR+iiIpHlCo4n6uyPFoVLj0DeV+ZZq1svF/7xOooPzbspEnGgqyPSjIOFIRyjPB/WZpETzsSGYSGZ2RWSITUbapFg2IbizJ8+T5knVdaruzWmldlnEUYJ9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDcXVniA=</latexit>

<latexit sha1_base64="hAgZOzrwE5eklBHaxtwmjnbLKgw=">AAACFHicbVDLSgMxFL1TX7W+qi7dBItQEcqMiLoRim5cVrEPaGvJpJk2NJMZkoxYhvkIN/6KGxeKuHXhzr8xbQfU1gOBc8+5l9x73JAzpW37y8rMzS8sLmWXcyura+sb+c2tmgoiSWiVBDyQDRcrypmgVc00p41QUuy7nNbdwcXIr99RqVggbvQwpG0f9wTzGMHaSJ38gVds+Vj3XS++T/bRGfqpUIuJtHTj6+TWdBfskj0GmiVOSgqQotLJf7a6AYl8KjThWKmmY4e6HWOpGeE0ybUiRUNMBrhHm4YK7FPVjsdHJWjPKF3kBdI8odFY/T0RY1+poe+aztGOatobif95zUh7p+2YiTDSVJDJR17EkQ7QKCHUZZISzYeGYCKZ2RWRPpaYaJNjzoTgTJ88S2qHJee4ZF8dFcrnaRxZ2IFdKIIDJ1CGS6hAFQg8wBO8wKv1aD1bb9b7pDVjpTPb8AfWxzdQCZ5h</latexit>

f(x) = x 2 Rn

<latexit sha1_base64="SMU6Jxt2LrwBmdrchUQH4rm2Idc="></latexit>

@fi
@xj

=

(
1 i = j

0 i 6= j

<latexit sha1_base64="5DikCHEIiHxczlfbPU/XFY1WUa8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a4ne+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt5F1b0/r9Su8ziKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/Mxby04+cwh/IHz+QMiMI2z</latexit>

In



Zoom poll

Let                    ,                              , what is the value of       ? 

(a)  
(b)  
(c)  
(d) 

<latexit sha1_base64="8+GaWn8MWQgcYkj5A72v2BRwIXM=">AAACD3icbVDLSsNAFL3xWesr6tLNYFFclUREXRbduKxgH9CUMplO2qGTSZiZiCXkD9z4K25cKOLWrTv/xkkbUFsPDBzOuffOvcePOVPacb6shcWl5ZXV0lp5fWNza9ve2W2qKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9d5X7rjkrFInGrxzHthnggWMAI1kbq2UdeIDFJvRhLzTBHQfbDvRDroR+k91nWsytO1ZkAzRO3IBUoUO/Zn14/IklIhSYcK9VxnVh303wy4TQre4miMSYjPKAdQwUOqeqmk3sydGiUPgoiaZ7QaKL+7khxqNQ49E1lvqKa9XLxP6+T6OCimzIRJ5oKMv0oSDjSEcrDQX0mKdF8bAgmkpldERliE5A2EZZNCO7syfOkeVJ1z6rOzWmldlnEUYJ9OIBjcOEcanANdWgAgQd4ghd4tR6tZ+vNep+WLlhFzx78gfXxDWt0nYo=</latexit>

@f

@x

The answer is (a). 

<latexit sha1_base64="QNLJzpbWAyNzndCab3MDkd4ss6M="></latexit>

@fi
@xj

=
@
Pn

k=1 Wi,kxk

@xj
<latexit sha1_base64="6KJpEeYoNVRlvXYS9CXvqPZIItA=">AAACHXicbVBNS8MwGE79nPOr6tFLcAgeZLQy1Mtg6MXjBPcB6yhplm7Z0rQkqThK/4gX/4oXD4p48CL+G9Otom4+EHjyPO/7Ju/jRYxKZVmfxsLi0vLKamGtuL6xubVt7uw2ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOWNLjO/dUuEpCG/UeOIdAPU59SnGCktuWalCh1fIJw4ERKKIgZbbkKPh+mdO0x/xOwGq9+ea5assjUBnCd2TkogR901351eiOOAcIUZkrJjW5HqJtlwzEhadGJJIoRHqE86mnIUENlNJtul8FArPeiHQh+u4ET93ZGgQMpx4OnKAKmBnPUy8T+vEyv/vJtQHsWKcDx9yI8ZVCHMooI9KghWbKwJwoLqv0I8QDospQMt6hDs2ZXnSfOkbJ+WretKqXaRx1EA++AAHAEbnIEauAJ10AAY3INH8AxejAfjyXg13qalC0beswf+wPj4Anvooig=</latexit>

=
@Wi,jxj

@xj
= Wi,j

<latexit sha1_base64="fJGRP4QSVDwQenhMs2cUVxiEWow="></latexit>

=) @f

@x
= W

<latexit sha1_base64="HaK/rwtLlw9tnqCdnioq3jPXjjY=">AAACUnicbVJdS8MwFE3r15xTpz76EhzCBBmtiPoiDH3xcYr7gLWONEtnWJqWJJWN0t8oiC/+EF98UNOt4ty8EDj33HO5NyfxIkalsqw3w1xaXlldK6wXN0qbW9vlnd2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3hdVZvPxEhacjv1TgiboAGnPoUI6WpXpn6VSdA6tHzk1F6BC/hT9ZOf/njGRY6lOepl9ylD0kAHUUDIiGf0Y0WdHpWxapZk4CLwM5BBeTR6JVfnH6I44BwhRmSsmtbkXITJBTFjKRFJ5YkQniIBqSrIUd6CTeZWJLCQ830oR8KfbiCE3a2I0GBlOPA08psRzlfy8j/at1Y+RduQnkUK8LxdJAfM6hCmPkL+1QQrNhYA4QF1btC/IgEwkq/QlGbYM9feRG0Tmr2Wc26Pa3Ur3I7CmAfHIAqsME5qIMb0ABNgMEzeAef4Mt4NT5M/UumUtPIe/bAnzBL339stVY=</latexit>

f(x) = Wx,W 2 Rm⇥n,x 2 Rn
<latexit sha1_base64="HaK/rwtLlw9tnqCdnioq3jPXjjY=">AAACUnicbVJdS8MwFE3r15xTpz76EhzCBBmtiPoiDH3xcYr7gLWONEtnWJqWJJWN0t8oiC/+EF98UNOt4ty8EDj33HO5NyfxIkalsqw3w1xaXlldK6wXN0qbW9vlnd2WDGOBSROHLBQdD0nCKCdNRRUjnUgQFHiMtL3hdVZvPxEhacjv1TgiboAGnPoUI6WpXpn6VSdA6tHzk1F6BC/hT9ZOf/njGRY6lOepl9ylD0kAHUUDIiGf0Y0WdHpWxapZk4CLwM5BBeTR6JVfnH6I44BwhRmSsmtbkXITJBTFjKRFJ5YkQniIBqSrIUd6CTeZWJLCQ830oR8KfbiCE3a2I0GBlOPA08psRzlfy8j/at1Y+RduQnkUK8LxdJAfM6hCmPkL+1QQrNhYA4QF1btC/IgEwkq/QlGbYM9feRG0Tmr2Wc26Pa3Ur3I7CmAfHIAqsME5qIMb0ABNgMEzeAef4Mt4NT5M/UumUtPIe/bAnzBL339stVY=</latexit>

f(x) = Wx,W 2 Rm⇥n,x 2 Rn

<latexit sha1_base64="/uolw8bO9HYZd9ZCmupHYTPZevs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cV7APbUjLpnTY0kxmSjFiG/oUbF4q49W/c+Tdm2llo64HA4Zx7ybnHjwXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6ihRDBssEpFq+1Sj4BIbhhuB7VghDX2BLX98k/mtR1SaR/LeTGLshXQoecAZNVZ66IbUjPwgfZr2yxW36s5AlomXkwrkqPfLX91BxJIQpWGCat3x3Nj0UqoMZwKnpW6iMaZsTIfYsVTSEHUvnSWekhOrDEgQKfukITP190ZKQ60noW8ns4R60cvE/7xOYoKrXsplnBiUbP5RkAhiIpKdTwZcITNiYgllitushI2ooszYkkq2BG/x5GXSPKt6F1X37rxSu87rKMIRHMMpeHAJNbiFOjSAgYRneIU3RzsvzrvzMR8tOPnOIfyB8/kD/t+RIQ==</latexit>x

<latexit sha1_base64="bjEvOt9CpHm5VT+7ukxjPd1b6Ts=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMRKwh+CtuXCji1v9w5984aSNo64GBwzn3cs8cP+ZMacf5shYWl5ZXVktr5fWNza1te2e3qaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dJX7rTsqFYvErR7H1AvxQLCAEayN1LP3uyHWQz9IW9kPu896dsWpOhOgeeIWpAIF6j37s9uPSBJSoQnHSnVcJ9ZeiqVmhNOs3E0UjTEZ4QHtGCpwSJWXTtJn6MgofRRE0jyh0UT9vZHiUKlx6JvJPKGa9XLxP6+T6ODCS5mIE00FmR4KEo50hPIqUJ9JSjQfG4KJZCYrIkMsMdGmsLIpwZ398jxpnlTds6pzc1qpXRZ1lOAADuEYXDiHGlxDHRpA4AGe4AVerUfr2Xqz3qejC1axswd/YH18A2DUldM=</latexit>

Wx

<latexit sha1_base64="PKXnB5NtMX3Mn3lx/dPR6oC1/5I=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLosunFZwT6giWUynbRDJ5MwMxFKzMJfceNCEbf+hjv/xknbhbYeGDiccy/3zAkSzpR2nG+rtLS8srpWXq9sbG5t79i7ey0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB6Prwm8/UKlYLO70OKF+hAeChYxgbaSefeBFWA+DMGvn95nHhKaSYJ737KpTcyZAi8SdkSrM0OjZX14/JmlEhSYcK9V1nUT7GZaaEU7zipcqmmAywgPaNVTgiCo/m+TP0bFR+iiMpXlCo4n6eyPDkVLjKDCTRVo17xXif1431eGlnzGRpJoKMj0UphzpGBVloD6TlGg+NgQTyUxWRIZYYmJqUBVTgjv/5UXSOq255zXn9qxav5rVUYZDOIITcOEC6nADDWgCgUd4hld4s56sF+vd+piOlqzZzj78gfX5A+iElq0=</latexit>

W|

<latexit sha1_base64="kBfcbj1EBJOXJGFndkpOiaUtWio=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUREXRbduKxgH9iGMpnetEMnkzAzEUroX7hxoYhb/8adf+OkzUJbDwwczrmXOfcEieDauO63s7K6tr6xWdoqb+/s7u1XDg5bOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjf5n77CZXmsXwwkwT9iA4lDzmjxkqPvYiaURBm7Wm/UnVr7gxkmXgFqUKBRr/y1RvELI1QGiao1l3PTYyfUWU4Ezgt91KNCWVjOsSupZJGqP1slnhKTq0yIGGs7JOGzNTfGxmNtJ5EgZ3ME+pFLxf/87qpCa/9jMskNSjZ/KMwFcTEJD+fDLhCZsTEEsoUt1kJG1FFmbEllW0J3uLJy6R1XvMua+79RbV+U9RRgmM4gTPw4ArqcAcNaAIDCc/wCm+Odl6cd+djPrriFDtH8AfO5w/MupEA</latexit>

W



Let’s compute gradients for word2vec

Consider one pair of center/context words :(x, c), x, c ∈ V

We need to compute the gradient of  with respect to  and y ux vk, ∀k ∈ V

<latexit sha1_base64="wuHYDNjllF9O6DZPe+h2UgRI7e8="></latexit>

y = � log

✓
exp(ux · vc)P

k2V exp(ux · vk)

◆



Let’s compute gradients for word2vec

Recall that
<latexit sha1_base64="hu0+nxcl4hqeBmEnnCVDEV3uIS0="></latexit>

P (c | x) = exp(ux · vc)P
k2V exp(ux · vk)

<latexit sha1_base64="wuHYDNjllF9O6DZPe+h2UgRI7e8="></latexit>

y = � log

✓
exp(ux · vc)P

k2V exp(ux · vk)

◆

<latexit sha1_base64="V6Sm0J+rzKeZJcMhyEmmDcQC7Gg="></latexit>

= �ux · vc + log

 
X

k2V

exp(ux · vk)

!

<latexit sha1_base64="X1Inu6/uddR+xeLDwm+trdRxKxA="></latexit>

y = � log (exp(ux · vc)) + log

 
X

k2V

exp(ux · vk)

!

<latexit sha1_base64="Q4qxskQWtBDt6+PHDOz/9G26Jjo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJKIqBuh6MZlBfuAJoTJdNIOnUzCzEQMIR/hxl9x40IRty7c+TdO2oDaemDgcM69d+49fsyoVJb1ZVQWFpeWV6qrtbX1jc0tc3unI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/fFX43TsiJI34rUpj4oZoyGlAMVJa8swjJxAIZ06MhKKIwTT/4U6I1MgPsiT37nN4AT2zbjWsCeA8sUtSByVanvnpDCKchIQrzJCUfduKlZsV4zEjec1JJIkRHqMh6WvKUUikm02OyuGBVgYwiIR+XMGJ+rsjQ6GUaejrymJPOesV4n9eP1HBuZtRHieKcDz9KEgYVBEsEoIDKghWLNUEYUH1rhCPkE5J6RxrOgR79uR50jlu2KcN6+ak3rws46iCPbAPDoENzkATXIMWaAMMHsATeAGvxqPxbLwZ79PSilH27II/MD6+AZPGnyA=</latexit>

@y

@ux
=

<latexit sha1_base64="JxmMl20nyA2aQlr1VUbAHAszLWo="></latexit>

@(�ux · vc)

@ux
+

@
�
log

�P
k2V exp(ux · vk)

��

@ux
<latexit sha1_base64="4vCopeS7kNvdvhpccVGxb9udnB8="></latexit>

= �vc +
@

P
k2V exp(ux·vk)

@uxP
k2V exp(ux · vk)

<latexit sha1_base64="DCRYDkhCCoV/o+go5yAtjMPUtNY="></latexit>

= �vc +

P
k2V

@ exp(ux·vk)
@uxP

k2V exp(ux · vk)

<latexit sha1_base64="0smyz2Hg1gP7D7jKkSRMIKW0fVY="></latexit>

= �vc +

P
k2V exp(ux · vk) · vkP

k2V exp(ux · vk)

<latexit sha1_base64="JrARWR7fyl0lzIp+YtTb/noPCGQ="></latexit>

= �vc +
X

k2V

exp(ux · vk)P
k02V exp(ux · vk0)

vk

<latexit sha1_base64="Kw0vMIoa9RPysSfkIfw5iYD+pOw=">AAACI3icbVDLSgMxFM3UV62vqks3wSJUxDIjoiIIRTcuK9gHdMqQSTNtaJIZkkyxDPMvbvwVNy6U4saF/2Km7aJWDwQO55xL7j1+xKjStv1l5ZaWV1bX8uuFjc2t7Z3i7l5DhbHEpI5DFsqWjxRhVJC6ppqRViQJ4j4jTX9wl/nNIZGKhuJRjyLS4agnaEAx0kbyitc38BS6HOm+HyTD1MPwBLoq5l4ygC4VsJHCWtlQTrvw6Xg+OfCKJbtiTwD/EmdGSmCGmlccu90Qx5wIjRlSqu3Yke4kSGqKGUkLbqxIhPAA9UjbUIE4UZ1kcmMKj4zShUEozRMaTtT5iQRxpUbcN8lsR7XoZeJ/XjvWwVUnoSKKNRF4+lEQM6hDmBUGu1QSrNnIEIQlNbtC3EcSYW1qLZgSnMWT/5LGWcW5qNgP56Xq7ayOPDgAh6AMHHAJquAe1EAdYPAMXsE7+LBerDdrbH1OozlrNrMPfsH6/gFPQKLj</latexit>

= �vc +
X

k2V

P (k | x)vk



Let’s compute gradients for word2vec

How about context vectors?
<latexit sha1_base64="1pVVFZCx00Cx9Dx0bUhfbQtpU2Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURUTdC0Y3LCvYBTQiT6aQdOpmEmUkhhPyDG3/FjQtF3Lpx5984aQNq64GBwzn33rn3+DGjUlnWl1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98U3hdydESBrxe5XGxA3RkNOAYqS05JknTiAQzpwYCUURg2n+w50QqZEfZJPcG+fwyjPrVsOaAi4SuyR1UKLlmZ/OIMJJSLjCDEnZt61YuVkxHTOS15xEkhjhMRqSvqYchUS62fSmHB5pZQCDSOjHFZyqvzsyFEqZhr6uLNaU814h/uf1ExVcuhnlcaIIx7OPgoRBFcEiIDiggmDFUk0QFlTvCvEI6ZCUjrGmQ7DnT14kndOGfd6w7s7qzesyjio4AIfgGNjgAjTBLWiBNsDgATyBF/BqPBrPxpvxPiutGGXPPvgD4+MbGv6e6g==</latexit>

@y

@vk
=

See the assignment :) 

<latexit sha1_base64="6/0GdSHvYVu1mzP6WTNrCsJJzdA="></latexit>(
(P (k | x)� 1)ux k = c

P (k | x)ux k 6= c



Putting it together

• Input: text corpus, context size m, embedding size , vocabulary d V

• Initialize  randomly, uk, vk ∀k ∈ V

• Walk through the training corpus and collect training data (x, c):

• Update 

• Update 

<latexit sha1_base64="CgLFSGAhGEPp3WgWajRQxAqMdrs=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U5ELYM2lgpJFHIhzG3mdHHvg905NRz3x2z8D3Z2NhaK2Nq6FwN+Plh4vHkzO/OCVElDrvvgjI1PTE5Nz8xW5uYXFpeqyyttk2RaYEskKtFnARhUMsYWSVJ4lmqEKFB4GlwelvXTK9RGJnGTBil2IziPZSgFkJV61aYfAV0EYZ4VvRvuKwwJtE6u+Q99i/tIwP1Qg8j9FDRJUHxQfPHv9qJXrbl1dwj+l3gjUmMjHPeq934/EVmEMQkFxnQ8N6VuXs4WCouKnxlMQVzCOXYsjSFC082H1xd8wyp9Hibavpj4UP3ekUNkzCAKrLNc0vyuleJ/tU5G4X43l3GaEcbi86MwU5wSXkbJ+1KjIDWwBISWdlcuLsBGRDbwig3B+33yX9Lernu7dfdkp9Y4GMUxw9bYOttkHttjDXbEjlmLCXbLHtkze3HunCfn1Xn7tI45o55V9gPO+wcVtLD2</latexit>

ux  ux � ⌘
@y

@ux
<latexit sha1_base64="GbD5s5LzOxxBNgKzB+lTqWpK7CE="></latexit>

vk  vk � ⌘
@y

@vk
, 8k 2 V

Q:  Can you think of any issue in this algorithm?



Skip-gram with negative sampling (SGNS)

Problem: every time you get one pair of (x, c), you need to iterate through all 
the words in the vocabulary V! It is very computationally expensive.

Negative sampling: instead of considering all the words in V, let’s randomly sample 
 (5-20) negative examples.K

softmax:

NS:

<latexit sha1_base64="g6ms/zOl9gnJ5CzrD4YiqQ4baow="></latexit>

y = � log (�(ux · vc))�
KX

i=1

Ej⇠P (w) log (�(�ux · vj))

<latexit sha1_base64="1pVVFZCx00Cx9Dx0bUhfbQtpU2Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURUTdC0Y3LCvYBTQiT6aQdOpmEmUkhhPyDG3/FjQtF3Lpx5984aQNq64GBwzn33rn3+DGjUlnWl1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98U3hdydESBrxe5XGxA3RkNOAYqS05JknTiAQzpwYCUURg2n+w50QqZEfZJPcG+fwyjPrVsOaAi4SuyR1UKLlmZ/OIMJJSLjCDEnZt61YuVkxHTOS15xEkhjhMRqSvqYchUS62fSmHB5pZQCDSOjHFZyqvzsyFEqZhr6uLNaU814h/uf1ExVcuhnlcaIIx7OPgoRBFcEiIDiggmDFUk0QFlTvCvEI6ZCUjrGmQ7DnT14kndOGfd6w7s7qzesyjio4AIfgGNjgAjTBLWiBNsDgATyBF/BqPBrPxpvxPiutGGXPPvgD4+MbGv6e6g==</latexit>

@y

@vk
=

<latexit sha1_base64="Q4qxskQWtBDt6+PHDOz/9G26Jjo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJKIqBuh6MZlBfuAJoTJdNIOnUzCzEQMIR/hxl9x40IRty7c+TdO2oDaemDgcM69d+49fsyoVJb1ZVQWFpeWV6qrtbX1jc0tc3unI6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/fFX43TsiJI34rUpj4oZoyGlAMVJa8swjJxAIZ06MhKKIwTT/4U6I1MgPsiT37nN4AT2zbjWsCeA8sUtSByVanvnpDCKchIQrzJCUfduKlZsV4zEjec1JJIkRHqMh6WvKUUikm02OyuGBVgYwiIR+XMGJ+rsjQ6GUaejrymJPOesV4n9eP1HBuZtRHieKcDz9KEgYVBEsEoIDKghWLNUEYUH1rhCPkE5J6RxrOgR79uR50jlu2KcN6+ak3rws46iCPbAPDoENzkATXIMWaAMMHsATeAGvxqPxbLwZ79PSilH27II/MD6+AZPGnyA=</latexit>

@y

@ux
=

<latexit sha1_base64="Kw0vMIoa9RPysSfkIfw5iYD+pOw=">AAACI3icbVDLSgMxFM3UV62vqks3wSJUxDIjoiIIRTcuK9gHdMqQSTNtaJIZkkyxDPMvbvwVNy6U4saF/2Km7aJWDwQO55xL7j1+xKjStv1l5ZaWV1bX8uuFjc2t7Z3i7l5DhbHEpI5DFsqWjxRhVJC6ppqRViQJ4j4jTX9wl/nNIZGKhuJRjyLS4agnaEAx0kbyitc38BS6HOm+HyTD1MPwBLoq5l4ygC4VsJHCWtlQTrvw6Xg+OfCKJbtiTwD/EmdGSmCGmlccu90Qx5wIjRlSqu3Yke4kSGqKGUkLbqxIhPAA9UjbUIE4UZ1kcmMKj4zShUEozRMaTtT5iQRxpUbcN8lsR7XoZeJ/XjvWwVUnoSKKNRF4+lEQM6hDmBUGu1QSrNnIEIQlNbtC3EcSYW1qLZgSnMWT/5LGWcW5qNgP56Xq7ayOPDgAh6AMHHAJquAe1EAdYPAMXsE7+LBerDdrbH1OozlrNrMPfsH6/gFPQKLj</latexit>

= �vc +
X

k2V

P (k | x)vk

<latexit sha1_base64="kQEclLdU6eGfffS2aiT5e/WipI4="></latexit>(
(P (k | x)� 1)ux k = c

P (k | x)ux k = c

<latexit sha1_base64="wuHYDNjllF9O6DZPe+h2UgRI7e8="></latexit>

y = � log

✓
exp(ux · vc)P

k2V exp(ux · vk)

◆



Skip-gram with negative sampling (SGNS)

Key idea: we convert the -way classification into a binary classification task.|V |

Every time we get a pair of (x, c) words, we don’t predict c among all the words in the 
vocabulary. Instead, we predict (x, c) is a positive pair, and (x, c’) is a negative pair for a 
small number of sampled c’.

�(x) =
1

1 + exp(�x)
<latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit>

Similar to binary logistic regression again, we 
need to optimize u and v together)..

<latexit sha1_base64="nORaLlc5zzQ56QKGHf8NTWEXEhQ="></latexit>

P (y = 1 | x, c) = �(ux · vc)
<latexit sha1_base64="vUGPtTPVLw+FbiI1oqMniUlQL80="></latexit>

P (y = 0 | x, c0) = 1� �(ux · vc0)

<latexit sha1_base64="g6ms/zOl9gnJ5CzrD4YiqQ4baow="></latexit>

y = � log (�(ux · vc))�
KX

i=1

Ej⇠P (w) log (�(�ux · vj))

<latexit sha1_base64="6NsOwQZq4e//acoklIl/00RwDZ0=">AAACFnicbVDLSsNAFJ34rPUVdelmsIh10ZKIqBuh6MZlBfuAJoTJZNIOnTyYmRRLyFe48VfcuFDErbjzb5y0EbT1wIXDOfdy7z1uzKiQhvGlLSwuLa+sltbK6xubW9v6zm5bRAnHpIUjFvGuiwRhNCQtSSUj3ZgTFLiMdNzhde53RoQLGoV3chwTO0D9kPoUI6kkR69dQkvQfoCqNStAcuD6aZI599DCXiThjzTKnBQfZceOXjHqxgRwnpgFqYACTUf/tLwIJwEJJWZIiJ5pxNJOEZcUM5KVrUSQGOEh6pOeoiEKiLDTyVsZPFSKB/2IqwolnKi/J1IUCDEOXNWZ3ylmvVz8z+sl0r+wUxrGiSQhni7yEwZlBPOMoEc5wZKNFUGYU3UrxAPEEZYqybIKwZx9eZ60T+rmWd24Pa00roo4SmAfHIAqMME5aIAb0AQtgMEDeAIv4FV71J61N+192rqgFTN74A+0j2/TrJ8v</latexit>

= �(�ux · vc0)



Zoom poll

In skip-gram with negative sampling (SGNS), how many parameters need to be 
updated in  for every (x, c) pair?θ

(a)  

(b)  

(c)  

(d)  

Kd
2Kd
(K + 1)d
(K + 2)d

The answer is (d). We have   vectors and one  vector to optimize every time.(K + 1) v u

<latexit sha1_base64="g6ms/zOl9gnJ5CzrD4YiqQ4baow="></latexit>

y = � log (�(ux · vc))�
KX

i=1

Ej⇠P (w) log (�(�ux · vj))



Skip-gram with negative sampling (SGNS)

• The gradients can be computed in a similar way but much cheaper!

• P(w): sampling according to the frequency of words

In practice, they find that   gives the best performance because it 
gives rare words slightly higher probability 

α = 0.75

<latexit sha1_base64="g6ms/zOl9gnJ5CzrD4YiqQ4baow="></latexit>

y = � log (�(ux · vc))�
KX

i=1

Ej⇠P (w) log (�(�ux · vj))



Continuous Bag of Words (CBOW) 

L(✓) =
TY

t=1

P (wt | {wt+j},�m  j  m, j 6= 0)
<latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit><latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit><latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit><latexit sha1_base64="3+l6Abc63xGDhSVFpwKTAlCK8fU="></latexit>

<latexit sha1_base64="7QyJ4N1JodrjfA6hQDf4Kf4xtxw="></latexit>

v̄t =
1

2m

X

�mjm,j 6=0

vwt+j



Zoom poll

Let’s make a comparison between skip-gram and CBOW. Which of the following is correct?

(a) Skip-gram is a simpler task compared to CBOW 
(b) Skip-gram is faster to train than CBOW 
(c) Skip-gram handles frequent words better 
(d) Skip-gram handles infrequent words better 

The answer is (d). See the next slide.



Skip-gram vs CBOW

• CBOW is comparatively faster to train than skip-gram and better for 
frequently occurring words

• Skip-gram is slower but works well for smaller amount of data and works 
well for less frequently occurring words

• CBOW is a simpler problem than Skip-gram because in CBOW we just need 
to predict the one center word given many context words.



GloVe: Global Vectors

(Pennington et al, 2014): GloVe: Global Vectors for Word Representation

• Take the global co-occurrence statistics: Xi,j

• Training faster 
• Scalable to very large corpora

• Key idea: let’s approximate           using their co-occurrence counts directly. <latexit sha1_base64="Ssw/epuzMjpq42+5YU9IG1zH6S4=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRIRdVl047KCfUATwmQyacdOMmFmUighazf+ihsXirj1C9z5N07aCNp64MLhnHu59x4/YVQqy/oyKkvLK6tr1fXaxubW9o65u9eRPBWYtDFnXPR8JAmjMWkrqhjpJYKgyGek64+uC787JkJSHt+pSULcCA1iGlKMlJY889CJkBr6YZbmHoUODriCP9I497L73DPrVsOaAi4SuyR1UKLlmZ9OwHEakVhhhqTs21ai3AwJRTEjec1JJUkQHqEB6Wsao4hIN5u+ksNjrQQw5EJXrOBU/T2RoUjKSeTrzuJKOe8V4n9eP1XhpZvROEkVifFsUZgyqDgscoEBFQQrNtEEYUH1rRAPkUBY6fRqOgR7/uVF0jlt2OcN6/as3rwq46iCA3AEToANLkAT3IAWaAMMHsATeAGvxqPxbLwZ77PWilHO7IM/MD6+ATwsm0A=</latexit>ui · vj

<latexit sha1_base64="HJH+Jzilk92Mf7osjbJHNBnuRCA="></latexit>

J(✓) =
X

i,j2V

f(Xi,j)
⇣
ui · vj + bi + b̃j � logXi,j

⌘2

Q:  Why?



FastText: Sub-Word Embeddings

(Bojanowski et al, 2017): Enriching Word Vectors with Subword Information

• More to come! Contextualized word embeddings

• Similar as Skip-gram, but break words into n-grams with n = 3 to 6

where: 3-grams: <wh, whe, her, ere, re> 

4-grams: <whe, wher, here, ere> 

5-grams: <wher, where, here> 

6-grams: <where, where>

All the embeddings that we have learned 
are also called “static word embeddings”: 
there is one fixed vector for every word in 
the vocabulary.

• Replace                     by
<latexit sha1_base64="F4FHKUKsHaKXJznBo1ZBBB2W9Yo=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlE1GXRjcsK9gFNCJPJpB06yYSZSbGELN34K25cKOLWT3Dn3zhpI2jrgQuHc+7l3nv8hFGpLOvLqCwtr6yuVddrG5tb2zvm7l5H8lRg0saccdHzkSSMxqStqGKklwiCIp+Rrj+6LvzumAhJeXynJglxIzSIaUgxUlryzEMnQmroh1mae/fQwQFX8Eca5x72zLrVsKaAi8QuSR2UaHnmpxNwnEYkVpghKfu2lSg3Q0JRzEhec1JJEoRHaED6msYoItLNpo/k8FgrAQy50BUrOFV/T2QoknIS+bqzuFHOe4X4n9dPVXjpZjROUkViPFsUpgwqDotUYEAFwYpNNEFYUH0rxEMkEFY6u5oOwZ5/eZF0Thv2ecO6Pas3r8o4quAAHIETYIML0AQ3oAXaAIMH8ARewKvxaDwbb8b7rLVilDP74A+Mj29tw5o8</latexit>ux · vc

<latexit sha1_base64="4Beq/8ulIg115+bBtCU9vRkBLp4=">AAACKHicbVBNS8NAFNzU7/oV9ehlsQj1YElE1JuiF48VrApNCZvtpi7dbMLuS2kJ+Tle/CteRBTp1V/ipkbQ6sDCMDOPfW+CRHANjjO2KjOzc/MLi0vV5ZXVtXV7Y/NGx6mirEVjEau7gGgmuGQt4CDYXaIYiQLBboP+ReHfDpjSPJbXMEpYJyI9yUNOCRjJt089nUZ+1sMel1h6wIaQ7fcUiXReH+7lmRcRuA/CLM19k6HdGPC3NMh9mvt2zWk4E+C/xC1JDZVo+vaL141pGjEJVBCt266TQCcjCjgVLK96qWYJoX3SY21DJYmY7mSTQ3O8a5QuDmNlngQ8UX9OZGZvPYoCkyyW1NNeIf7ntVMITzoZl0kKTNKvj8JUYIhx0RrucsUoiJEhhCpudsX0nihCwXRbNSW40yf/JTcHDfeo4Vwd1s7OyzoW0TbaQXXkomN0hi5RE7UQRQ/oCb2iN+vRerberfFXtGKVM1voF6yPTxkCp9w=</latexit> X

g2n-grams(x)

ug · vc



Trained word embeddings available

• word2vec: https://code.google.com/archive/p/word2vec/ 

• GloVe: https://nlp.stanford.edu/projects/glove/ 

• FastText: https://fasttext.cc/

Differ in algorithms, text corpora, dimensions, cased/uncased…
Applied to many other languages

https://code.google.com/archive/p/word2vec/
https://nlp.stanford.edu/projects/glove/
https://fasttext.cc/


Easy to use!



Evaluating Word Embeddings



Extrinsic evaluation 

• Let’s plug these word embeddings into a real NLP 
system and see whether this improves performance 

• Could take a long time but still the most important 
evaluation metric I
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👎

Extrinsic vs intrinsic evaluation

Intrinsic evaluation 

• Evaluate on a specific/intermediate subtask 

• Fast to compute  

• Not clear if it really helps downstream tasks



I

( 0.31
−0.28) ( 0.01

−0.91) (1.87
0.03) (−3.17

−0.18) (1.23
1.59)
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👎

Extrinsic evaluation

A straightforward solution: given an input sentence 
<latexit sha1_base64="LaG/NajEkf6D6zdeRxSFhp337bY=">AAAB/nicbVDLSsNAFL3xWeurKq7cDBbBRSlJEXVZdOOygn1AG8JkMmmHTjJhZiItoeCvuHGhiFu/w51/47TNQlsPXDhzzr3MvcdPOFPatr+tldW19Y3NwlZxe2d3b790cNhSIpWENongQnZ8rChnMW1qpjntJJLiyOe07Q9vp377kUrFRPygxwl1I9yPWcgI1kbySscjz6mgkVeroB4PhFbTh9HLdtWeAS0TJydlyNHwSl+9QJA0orEmHCvVdexEuxmWmhFOJ8VeqmiCyRD3adfQGEdUudls/Qk6M0qAQiFNxRrN1N8TGY6UGke+6YywHqhFbyr+53VTHV67GYuTVNOYzD8KU460QNMsUMAkJZqPDcFEMrMrIgMsMdEmsaIJwVk8eZm0alXnsmrfX5TrN3kcBTiBUzgHB66gDnfQgCYQyOAZXuHNerJerHfrY966YuUzR/AH1ucPA16UPg==</latexit>x1, x2, . . . , xn

Instead of using a bag-of-words model, we can compute 
<latexit sha1_base64="UrQaxNyLqMPWkwyMjF1fekWSK/M=">AAACLnicbZBdSwJBFIZn+zT7srrsZkgCJZBdieomkCLo0iA/QEVmx7M6ODu7zMyKsviLuumv1EVQEd32MxpXL1I7MPDyvOcw57xuyJnStv1urayurW9sprbS2zu7e/uZg8OqCiJJoUIDHsi6SxRwJqCimeZQDyUQ3+VQc/u3E782AKlYIB71KISWT7qCeYwSbVA7czcAmhvm8TVu+kT3XC+GcW7YdvL4bJ4UE8I7gVaLlsi3M1m7YCeFl4UzE1k0q3I789rsBDTyQWjKiVINxw51KyZSM8phnG5GCkJC+6QLDSMF8UG14uTcMT41pIO9QJonNE7o34mY+EqNfNd0TtZUi94E/uc1Iu1dtWImwkiDoNOPvIhjHeBJdrjDJFDNR0YQKpnZFdMekYRqk3DahOAsnrwsqsWCc1GwH86zpZtZHCl0jE5QDjnoEpXQPSqjCqLoCb2gD/RpPVtv1pf1PW1dsWYzR2iurJ9fjACmcw==</latexit>

vec(x) = e(x1) + e(x2) + . . .+ e(xn)

And then train a logistic regression classifier on  as we did before!vec(x)



Intrinsic evaluation: word similarity

Word similarity 
Example dataset: wordsim-353 
353 pairs of words with human judgement 
http://www.cs.technion.ac.il/~gabr/resources/data/wordsim353/

Cosine similarity:

Metric: Spearman rank correlation

http://www.cs.technion.ac.il/~gabr/resources/data/wordsim353/


SG: Skip-gram

Intrinsic evaluation: word similarity



Intrinsic evaluation: word analogy

Word analogy 
man: woman  king: ? ≈
 argmax

i
(cos(ui,ub � ua + uc))

<latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit><latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit><latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit><latexit sha1_base64="JrpgXOIk2wxy6PeogrgqRj0rj24="></latexit>

semantic

Chicago:Illinois Philadelphia: ? ≈ bad:worst  cool: ? ≈

syntactic

http://download.tensorflow.org/data/questions-words.txt
More examples at 

http://www.cs.technion.ac.il/~gabr/resources/data/wordsim353/

