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• Represent words as vectors: apple -> [0.1, 0.2, 0.3, 0.5]
• Encode the semantic information in the word vector
• Use for downstream NLP task

• Distributional hypothesis
• words that occur in similar contexts 

tend to have similar meanings

• A is the capital of …
• B is the capital of …

A and B are both the 
name of capital cities.
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Word embeddings

• Distributional hypothesis
• words that occur in similar contexts tend to have similar meanings

• How can we get high-quality word vectors following the intuition of 
distributional hypothesis?
• Count-based methods: PMI, PPMI … (statistics)
• Predict-based methods: word2vec, GloVe, Fasttext … (learning)

• Task: predict the context word given the target word.
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Count-based word vectors

• Word-word co-occurrence matrix W
• W[t, c] = count(t, c)

(the counts that word c occurs in the context of word t)

• Weakness: overly frequent words like “the”, “it", or “they” appear a lot 
near other words
• W[the, apple] >> W[apple, pie]



Count-based word vectors

• Pointwise mutual information (PMI)
• From text, extract a lot of word pairs: (target, context).
• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.
• PMI[t, c] = log !(#,%)

! # ! %
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p(t) and p(c) is independent.      
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• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.



Count-based word vectors

• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % > 0

• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.



Count-based word vectors

• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % > 0        !(#,%)
! # ! % > 1

• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.



Count-based word vectors

• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % > 0        !(#,%)
! # ! % > 1       !(#,%)! # > %(')

• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.



Count-based word vectors

• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % > 0 !(#,%)
! # ! % > 1 !(#,%)

! # > %(') p(c|t) > p(c)

• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.



Count-based word vectors

• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % > 0        !(#,%)
! # ! % > 1       !(#,%)! # > %(') p(c|t) > p(c) 

Knowing that the target is t, context is more likely to be c.      

• p(t, c) = the probability that target is t and context is c.
• p(t) = the probability that target is t.
• p(c) = the probability that context is.
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• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % < 0        !(#,%)
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Count-based word vectors

• Pointwise mutual information (PMI): PMI[t,c] ∈ ( -inf, inf )
log !(#,%)

! # ! % < 0        !(#,%)
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Count-based word vectors

• PMI(x, y): Do events x and y co-occur more or less than if they were
independent?
• Negative PMI values tend to be unreliable without enormous corpora.
• Why? (will study this problem in the exercise)

• Positive Pointwise Mutual Information (PPMI)
• PPMI[t, c] = max( 0, PMI[t, c] )



Count-based word vectors

• Positive Pointwise Mutual Information (PPMI)
• PPMI[t, c] = max( 0, PMI[t, c] )

• PPMI is in the shape of |V|x|V|.
• The dimensionality is too big. (curse of dimensionality)
• Dimensionality reduction by SVD

• Transform into low dimension space but retain meaningful information. 



Singular value decomposition

SVD: " = $Σ%!
A is an m x n matrix. 
U is an m x m orthogonal matrix. $!$ = &.
V is an n x n orthogonal matrix. %!% = &.
Σ is an m x n nonnegative diagonal matrix.
The diagonal entries of Σ are called singular values of A. 
The columns of U and V are called left/right singular vectors.



Singular value decomposition

SVD: " = $Σ%!
A is a m-by-n matrix. 
U is a m-by-m orthogonal matrix. $!$ = &. 
V is a n-by-n orthogonal matrix. %!% = &.
Σ is a m-by-n nonnegative diagonal matrix.
The diagonal entries of Σ are called singular values of A. 
The columns of U and V are called left/right singular vectors.

PPMI matrix. m target word, n 
context word

Consider rows of U as word 
vectors.
Consider rows of V as context 
word vectors.



Singular value decomposition

SVD: " = $Σ%!
Low-rank matrix approximation: 

Find a p-rank matrix B to approximate A based on minimizing ∑ # $, & − ( $, & !.
The solution is ( = *+Σ,", where +Σ is the same as Σ except it contains only the p largest singular 

values.

Only the p columns of U that have nonzero singular values contribute to B. 
We can throw away other columns and the rest m-by-p matrix -U still contain necessary 

information to restore B.
The row vector of -U is the low-rank word vectors.



word2vec

• Learn word vectors by solving a machine learning task
• Use the target words to predict their context words (skip-gram).
• Build a learning objective for this task.
• Optimize the word vectors to minimize the learning objective.
• Input: a large text corpora, V, d
• Output: +:-./0 → 2'
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• A |V|-way classification problem: |V| potential context word.
• Get |V| scores, one for each context word.
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Skip-gram

• Learning objective
• Use the target words to predict their context words
• A |V|-way classification problem: |V| potential context word.

• F: input x labels → scores ([0.1, 0.2, 0.3]).
• G: scores -> prediction ([0, 0, 1]).
• Minimize the difference between prediction and true labels ([0,1,0]).

• Continuous approximation: prediction -> probability distribution P(c|t)
G -> softmax function

Discrete values! Non-differentiable!



Skip-gram

• Softmax:
• Softmax(s1, s2, …, sk) = [ ()* +,

∑! ()* +. ,
()* +/
∑! ()* +. , … ,

()* +0
∑! ()* +. ]

• If s1 is the largest one, #$% &'
∑! #$% &) is close to but smaller than 1.

• Otherwise, #$% &'
∑! #$% &) is close to but larger than 0.

• The output sums to 1. 
• A perfect continues approximation of argmax function G.
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• Learning objective
• Use the target words to predict their context words
• A |V|-way classification problem: |V| potential context word.

• F: input x labels → score s ([0.1, 0.2, 0.3]).
• Softmax: score s-> p(c|t)
• Minimize the difference between p(c|t) and labels

• cross entropy: −/01 #$% &"|$
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Skip-gram

• Learning objective
• Use the target words to predict their context words
• A |V|-way classification problem: |V| potential context word.

• F: input x labels → score s ([0.1, 0.2, 0.3]).
• Softmax: score s-> p(c|t)
• Minimize the difference between p(c|t) and labels

• cross entropy: −/01 #$% &"|$
∑% #$% &%|$

1 2, 3 = 5!|# = 6# · 8!
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Skip-gram

• Learning objective
• Use the target words to predict their context words
• A |V|-way classification problem: |V| potential context word.

• F: input x labels → score s ([0.1, 0.2, 0.3]).
• Softmax: score s-> p(c|t)
• Minimize the difference between p(c|t) and labels

• cross entropy: −/01 #$% *$·,"
∑% #$% *$·,%

• u: word embedding.
• v: context word embedding.

Learning objective for one target-context pair.
Follow the training corpora, sum over all target-context pairs.



Skip-gram



Skip-gram

• Optimization
• Non-convex
• Gradient descent.
• Too slow to update all context word embeddings v_k at every step. 



Skip-gram

• Optimization
• Non-convex
• Gradient descent.
• Too slow to update all context word embeddings v_k at every step. 

• Use negative sampling



Matrix calculus to compute gradients

• Go through this note:
http://web.stanford.edu/class/cs224n/readings/gradient-notes.pdf
• Make sure that you can understand all the cases in section 2 and section 3.

• Today, we will look at
• Section 2
• Section 3 (5)
• Section 3 (7)



Vectorized gradients 

Next, we are going to compute gradients with respect to many variables together and 
write them in vector/matrix notations. 

8f1 
8x1 of • 

• ax • 

8fm 
8x1 

f ( X) == [f 1 ( X l , • • · , X n) , f 2 ( X l , • · • , X n) , · · · , f m ( X l , • • · , X n)] 

• • • 

• • 

• • • 

8f1 
8xn

• 
• 
• 

8frn 
8xn 

J(x) ==XE ]Rn



Vectorized gradients 

Next, we are going to compute gradients with respect to many variables together and 
write them in vector/matrix notations. 

8f1 
8x1 of • 

• ax • 

8fm 
8x1 

f ( X) == [f 1 ( X l , • • · , X n) , f 2 ( X l , • · • , X n) , · · · , f m ( X l , • • · , X n)] 

• • • 

• • 

• • • 

8f1 
8xn

• 
• 
• 

8frn 
8xn 

J(x) ==XE ]Rn

Of= Inox 



If m = 1 (loss), the shape of gradients is the 
same as the shape of input. 



Let’s compute gradients for word2vec

Consider one pair of center/context words :(t, c)

y = � log

✓
exp(ut · vc)P

k2V exp(ut · vk)

◆
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We need to compute the gradient of  with respect toy

  and ut vk, ∀k ∈ V



Let’s compute gradients for word2vec

y = � log
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@y

@ut
=?
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y = � log(exp(ut · vc)) + log(
X

k2V

exp(ut · vk))
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= �ut · vc + log(
X

k2V

exp(ut · vk))
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@y

@ut
=

@(�ut · vc)

@ut
+

@(log
P

k2V exp(ut · vk))

@ut
<latexit sha1_base64="i3rOSg6SZdyRhJwqht6CeMJq+qM="></latexit>

= �vc +

@
P

k2V exp(ut·vk)

@utP
k2V exp(ut · vk)
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= �vc +

P
k2V exp(ut · vk) · vkP

k2V exp(ut · vk)
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= �vc +
X

k2V

exp(ut · vk)P
k02V exp(ut · vk0)

vk

P (wt+j | wt) =
exp(uwt · vwt+j )P
k2V exp(uwt · vk)
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Recall that

= �vc +
X

k2V

P (k | t)vk
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Gradients for word2vec

What about context vectors?
<latexit sha1_base64="1pVVFZCx00Cx9Dx0bUhfbQtpU2Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURUTdC0Y3LCvYBTQiT6aQdOpmEmUkhhPyDG3/FjQtF3Lpx5984aQNq64GBwzn33rn3+DGjUlnWl1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98U3hdydESBrxe5XGxA3RkNOAYqS05JknTiAQzpwYCUURg2n+w50QqZEfZJPcG+fwyjPrVsOaAi4SuyR1UKLlmZ/OIMJJSLjCDEnZt61YuVkxHTOS15xEkhjhMRqSvqYchUS62fSmHB5pZQCDSOjHFZyqvzsyFEqZhr6uLNaU814h/uf1ExVcuhnlcaIIx7OPgoRBFcEiIDiggmDFUk0QFlTvCvEI6ZCUjrGmQ7DnT14kndOGfd6w7s7qzesyjio4AIfgGNjgAjTBLWiBNsDgATyBF/BqPBrPxpvxPiutGGXPPvgD4+MbGv6e6g==</latexit>

@y

@vk
=

See assignment 1 :) 

<latexit sha1_base64="EpcWQRa7HLjfwnO0sIQw3wcWFd8="></latexit>(
(P (k | t)� 1)ut k = c

P (k | t)ut k 6= c
y = � log

✓
exp(ut · vc)P

k2V exp(ut · vk)

◆

<latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit>



Overall algorithm

• Input: text corpus, embedding size , vocabulary , context size md V

• Initialize  randomly ui, vi ∀i ∈ V

• Run through the training corpus and for each training instance (t, c):

Q:  Can you think of any issues with this algorithm?

• Update ut  ut � ⌘
@y

@ut
<latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit><latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit><latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit><latexit sha1_base64="hfQBrPcT8kKJCvFStxNWjvVIVqA=">AAACPXicbVA9SwNBEN3z2/gVtbRZDIKN4U4ELUUbS4UkCrlwzG3mdHHvg905JRz3x2z8D3Z2NhaK2Nq6F4PfDxYeb97MzrwwU9KQ6947Y+MTk1PTM7O1ufmFxaX68krHpLkW2BapSvVZCAaVTLBNkhSeZRohDhWehpeHVf30CrWRadKiQYa9GM4TGUkBZKWg3vJjoIswKvIyIO4rjAi0Tq/5D32L+0jA/UiDKPwMNElQfFB+8U97QGUZ1Btu0x2C/yXeiDTYCMdB/c7vpyKPMSGhwJiu52bUK6rZQmFZ83ODGYhLOMeupQnEaHrF8PqSb1ilz6NU25cQH6rfOwqIjRnEoXVWS5rftUr8r9bNKdrrFTLJcsJEfHwU5YpTyqsoeV9qFKQGloDQ0u7KxQXYiMgGXrMheL9P/ks6203PbXonO439g1EcM2yNrbNN5rFdts+O2DFrM8Fu2AN7Ys/OrfPovDivH9YxZ9Szyn7AeXsH/8Sw5Q==</latexit>

<latexit sha1_base64="AQm8od66ADgsKLevvezUHUcuZU4=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwISURUTdi0Y3LCvYBTQiT6aQdOpmEmYkQQn7Cjb/ixoUibgV3/o2TNqC2Hhg4nHPvnXuPHzMqlWV9GZWFxaXllepqbW19Y3PL3N7pyCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfXxd+954ISSN+p9KYuCEachpQjJSWPPPICQTCmRMjoShiMM1/uBMiNfKDLMk9lcMLeOmZdathTQDniV2SOijR8sxPZxDhJCRcYYak7NtWrNysmI8ZyWtOIkmM8BgNSV9TjkIi3WxyVQ4PtDKAQST04wpO1N8dGQqlTENfVxaLylmvEP/z+okKzt2M8jhRhOPpR0HCoIpgEREcUEGwYqkmCAuqd4V4hHRMSgdZ0yHYsyfPk85xwz5tWLcn9eZVGUcV7IF9cAhscAaa4Aa0QBtg8ACewAt4NR6NZ+PNeJ+WVoyyZxf8gfHxDSNGn2U=</latexit>

@y

@ut
=?= �vc +

X

k2V

P (k | t)vk

<latexit sha1_base64="8XTrHHuSY4PyKpFCoOahdwSrXuY=">AAACH3icbVDLSgMxFM3UV62vUZdugkWoiGVG6mMjFN24rGAf0ClDJs20YTKZIckUyth+iRt/xY0LRcRd/8b0saitBwKHc84l9x4vZlQqyxoZmZXVtfWN7GZua3tnd8/cP6jJKBGYVHHEItHwkCSMclJVVDHSiAVBocdI3Qvux369R4SkEX9S/Zi0QtTh1KcYKS255tUtPHdCpLqen/YGLoZn0JFJ6KYBdCiHtQGsFILh81CdwrlY4Jp5q2hNAJeJPSN5MEPFNX+cdoSTkHCFGZKyaVuxaqVIKIoZGeScRJIY4QB1SFNTjkIiW+nkvgE80Uob+pHQjys4UecnUhRK2Q89nRzvKBe9sfif10yUf9NKKY8TRTiefuQnDKoIjsuCbSoIVqyvCcKC6l0h7iKBsNKV5nQJ9uLJy6R2UbRLxcvHUr58N6sjC47AMSgAG1yDMngAFVAFGLyAN/ABPo1X4934Mr6n0YwxmzkEf2CMfgHAnaI8</latexit>

Convert the training data into:

(into, problems)

(into, turning)

(into, banking)

(into, crises)

(banking, turning)

(banking, into)

(banking, crises)

(banking, as)

…

• Update vk  vk � ⌘
@y

@vk
, 8k 2 V

<latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit><latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit><latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit><latexit sha1_base64="mMKYQXExdRdMc9t7yzb43xvZOkM="></latexit>

<latexit sha1_base64="1pVVFZCx00Cx9Dx0bUhfbQtpU2Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURUTdC0Y3LCvYBTQiT6aQdOpmEmUkhhPyDG3/FjQtF3Lpx5984aQNq64GBwzn33rn3+DGjUlnWl1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98U3hdydESBrxe5XGxA3RkNOAYqS05JknTiAQzpwYCUURg2n+w50QqZEfZJPcG+fwyjPrVsOaAi4SuyR1UKLlmZ/OIMJJSLjCDEnZt61YuVkxHTOS15xEkhjhMRqSvqYchUS62fSmHB5pZQCDSOjHFZyqvzsyFEqZhr6uLNaU814h/uf1ExVcuhnlcaIIx7OPgoRBFcEiIDiggmDFUk0QFlTvCvEI6ZCUjrGmQ7DnT14kndOGfd6w7s7qzesyjio4AIfgGNjgAjTBLWiBNsDgATyBF/BqPBrPxpvxPiutGGXPPvgD4+MbGv6e6g==</latexit>

@y

@vk
=

<latexit sha1_base64="EpcWQRa7HLjfwnO0sIQw3wcWFd8="></latexit>(
(P (k | t)� 1)ut k = c

P (k | t)ut k 6= c



Skip-gram with negative sampling (SGNS)

Problem: every time you get one pair of (t, c), you need to update  with 
all the words in the vocabulary! This is very expensive computationally.

vk

Negative sampling: instead of considering all the words in V, let’s randomly sample  
(5-20) negative examples.

K

softmax:

Negative sampling:

y = � log

✓
exp(ut · vc)P

k2V exp(ut · vk)

◆

<latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit><latexit sha1_base64="I2knH7Ic3NO14x5ahBCqS6KnOWM="></latexit>

<latexit sha1_base64="1pVVFZCx00Cx9Dx0bUhfbQtpU2Q=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURUTdC0Y3LCvYBTQiT6aQdOpmEmUkhhPyDG3/FjQtF3Lpx5984aQNq64GBwzn33rn3+DGjUlnWl1FZWl5ZXauu1zY2t7Z3zN29jowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98U3hdydESBrxe5XGxA3RkNOAYqS05JknTiAQzpwYCUURg2n+w50QqZEfZJPcG+fwyjPrVsOaAi4SuyR1UKLlmZ/OIMJJSLjCDEnZt61YuVkxHTOS15xEkhjhMRqSvqYchUS62fSmHB5pZQCDSOjHFZyqvzsyFEqZhr6uLNaU814h/uf1ExVcuhnlcaIIx7OPgoRBFcEiIDiggmDFUk0QFlTvCvEI6ZCUjrGmQ7DnT14kndOGfd6w7s7qzesyjio4AIfgGNjgAjTBLWiBNsDgATyBF/BqPBrPxpvxPiutGGXPPvgD4+MbGv6e6g==</latexit>

@y

@vk
=

<latexit sha1_base64="EpcWQRa7HLjfwnO0sIQw3wcWFd8="></latexit>(
(P (k | t)� 1)ut k = c

P (k | t)ut k 6= c

�(x) =
1

1 + exp(�x)
<latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit><latexit sha1_base64="Qv4DTd6P1Pmvw3zC7Y/cLIekIGA=">AAACC3icbVDLSgMxFM3UV62vUZduQovQIpaJCLoRim5cVrAP6Awlk2ba0GRmSDLSMnTvxl9x40IRt/6AO//GtJ2Fth64cDjnXu69x485U9pxvq3cyura+kZ+s7C1vbO7Z+8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57TlD2+mfuuBSsWi8F6PY+oJ3A9ZwAjWRuraRVexvsDlUQVeQTeQmKRokiJ4Al06isuno8qka5ecqjMDXCYoIyWQod61v9xeRBJBQ004VqqDnFh7KZaaEU4nBTdRNMZkiPu0Y2iIBVVeOvtlAo+N0oNBJE2FGs7U3xMpFkqNhW86BdYDtehNxf+8TqKDSy9lYZxoGpL5oiDhUEdwGgzsMUmJ5mNDMJHM3ArJAJtAtImvYEJAiy8vk+ZZFTlVdHdeql1nceTBESiCMkDgAtTALaiDBiDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MH4cOZBg==</latexit>



Skip-gram with negative sampling (SGNS)

Key idea: Convert the -way classification into a set of binary classification tasks.|V |
Every time we get a pair of words (t, c), we don’t predict c among all the words in the 
vocabulary. Instead, we predict (t, c) is a positive pair, and (t, c’) is a negative pair for a 
small number of sampled c’.

Similar to binary logistic regression, but we need to 
optimize  and  together.u v

<latexit sha1_base64="1WPQF2BDkdmAQ1KJm1BjA8v5N04="></latexit>

P (y = 1 | t, c) = �(ut · vc)
<latexit sha1_base64="KFZkl7CJGgI65UwUdu0LABuRRQ8="></latexit>

p(y = 0 | t, c0) = 1� �(ut · vc0) = �(�ut · vc0)

P(w): sampling according to 
the frequency of words



Q2. Skip-gram with Negative Sampling 
Recall the loss for a particular (word, context word) pair in the Skip-gram with 
Negative Sampling model: 

 

 is the sigmoid function 
 is the positive context word 

 is the center word 

 is the center word vector for word  

 is the context word vector for context word  

 are the  negative context word samples

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

σ
cpos

w
uw w
vcpos cpos

Wneg K

Calculate: 

(a)         (b)  

(c) 

∂J
∂uw

∂J
∂vcpos

∂J
∂vcneg



Q2. Skip-gram with Negative Sampling (a) 
 

  

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂uw

=

Q2. Skip-gram with Negative Sampling (a) 
 

 
 

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂uw

= −
σ(u⊺

wvcpos)(1 − σ(u⊺
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− ∑
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σ(−u⊺
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σ(−u⊺
wvcneg)



Q2. Skip-gram with Negative Sampling (a) 
 

 
 

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂uw

= −
σ(u⊺

wvcpos)(1 − σ(u⊺
wvcpos)) ⋅ vcpos

σ(u⊺
wvcpos)

− ∑
cneg∈Wneg

σ(−u⊺
wvcneg)(1 − σ(−u⊺

wvcneg)) ⋅ −vcneg

σ(−u⊺
wvcneg)



Q2. Skip-gram with Negative Sampling (a) 
 

 
 

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂uw

= −
σ(u⊺

wvcpos)(1 − σ(u⊺
wvcpos)) ⋅ vcpos

σ(u⊺
wvcpos)

− ∑
cneg∈Wneg

σ(−u⊺
wvcneg)(1 − σ(−u⊺

wvcneg)) ⋅ −vcneg

σ(−u⊺
wvcneg)



Q2. Skip-gram with Negative Sampling (a) 
 

 
 

 

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂uw

= −
σ(u⊺

wvcpos)(1 − σ(u⊺
wvcpos)) ⋅ vcpos

σ(u⊺
wvcpos)

− ∑
cneg∈Wneg

σ(−u⊺
wvcneg)(1 − σ(−u⊺

wvcneg)) ⋅ −vcneg

σ(−u⊺
wvcneg)

∂J
∂uw

= − (1 − σ(u⊺
wvcpos)) ⋅ vcpos + ∑

cneg∈Wneg

(1 − σ(−u⊺
wvcneg)) ⋅ vcneg

σ(−x) = (1 − σ(x))



Q2. Skip-gram with Negative Sampling (a) 
 

 

 

 

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂uw

= −
σ(u⊺

wvcpos)(1 − σ(u⊺
wvcpos)) ⋅ vcpos

σ(u⊺
wvcpos)

− ∑
cneg∈Wneg

σ(−u⊺
wvcneg)(1 − σ(−u⊺

wvcneg)) ⋅ −vcneg

σ(−u⊺
wvcneg)

∂J
∂uw

= − (1 − σ(u⊺
wvcpos)) ⋅ vcpos + ∑

cneg∈Wneg

(1 − σ(−u⊺
wvcneg)) ⋅ vcneg

∂J
∂uw

= (σ(u⊺
wvcpos) − 1) ⋅ vcpos + ∑

cneg∈Wneg

σ(u⊺
wvcneg) ⋅ vcneg



Q2. Skip-gram with Negative Sampling (b) 
 J(w, cpos, U, V) = − log(σ(u⊺

w ⋅ vcpos)) − ∑
cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂vcpos

=



Q2. Skip-gram with Negative Sampling (b) 
 J(w, cpos, U, V) = − log(σ(u⊺

w ⋅ vcpos)) − ∑
cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
∂vcpos

= Constant! (Not in terms of )vcpos
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∂J
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wvcpos) − 1) ⋅ u⊺
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Q2. Skip-gram with Negative Sampling (c) 
 

 

J(w, cpos, U, V) = − log(σ(u⊺
w ⋅ vcpos)) − ∑

cneg∈Wneg

log(σ(−u⊺
w ⋅ vcneg))

∂J
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∂J
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(Not in terms of )vcneg

(Mostly) constant (not in terms of )

with the exception of 1 


sampled negative!

vcneg
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log(σ(−u⊺
w ⋅ vcneg))

∂J
∂vcneg

= −
σ(−u⊺

wvcneg)(1 − σ(−u⊺
wvcneg)) ⋅ −uw

σ(−u⊺
wvcneg)

∂J
∂vcneg

= σ(u⊺
wvcneg) ⋅ uw


